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AUTOMORPHISM GROUPS OF PSEUDOREAL RIEMANN
SURFACES
MICHELA ARTEBANI, SAU´L QUISPE, AND CRISTIAN REYES
Abstract. A smooth complex projective curve is called pseudoreal if it is
isomorphic to its conjugate but is not definable over the reals. Such curves,
together with real Riemann surfaces, form the real locus of the moduli space
Mg . This paper deals with the classification of pseudoreal curves according to
the structure of their automorphism group. We follow two different approaches
existing in the literature: one coming from number theory, dealing more gen-
erally with fields of moduli of projective curves, and the other from complex
geometry, through the theory of NEC groups. Using the first approach, we
prove that the automorphism group of a pseudoreal Riemann surface X is
abelian if X/Z(Aut(X)) has genus zero, where Z(Aut(X)) is the center of
Aut(X). This includes the case of p-gonal Riemann surfaces, already known
by results of Huggins and Kontogeorgis. By means of the second approach
and of elementary properties of group extensions, we show that X is not pseu-
doreal if the center of G = Aut(X) is trivial and either Out(G) contains no
involutions or Inn(G) has a group complement in Aut(G). This extends and
gives an elementary proof (over C) of a result by De`bes and Emsalem. Finally,
we provide an algorithm, implemented in MAGMA, which classifies the auto-
morphism groups of pseudoreal Riemann surfaces of genus g ≥ 2, once a list of
all groups acting for such genus, with their signature and generating vectors,
are given. This program, together with the database provided by J. Paulhus
in [Pau15], allowed us to classifiy pseudoreal Riemann surfaces up to genus 10,
extending previous results by Bujalance, Conder and Costa.
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Introduction
Let X ⊂ PnC be a smooth complex projective curve defined as the zero locus of
homogeneous polynomials p1, . . . , pr ∈ C[x0, . . . , xn] and let X be its conjugate,
i.e. the zero locus of the polynomials obtained conjugating the coefficients of the
polynomials pi. The curve X is called pseudoreal if it is isomorphic to X but is not
isomorphic to a curve defined by polynomials with real coefficients. Since any com-
pact Riemann surface can be embedded in projective space as a smooth complex
curve, and the definition only depends on the isomorphism class of the curve, this
allows to define the concept of pseudoreal compact Riemann surface. Equivalently,
pseudoreal Riemann surfaces can be defined as Riemann surfaces carrying anticon-
formal automorphisms but no anticonformal involutions. The disjoint union of the
locus of pseudoreal Riemann surfaces with the locus of real Riemann surfaces is the
fixed locus of the natural involution X → X on the moduli space of curves Mg.
In literature, one can find two main approaches to the study of pseudoreal Rie-
mann surfaces: a number-theoretical approach and an approach through NEC
groups. The first approach deals, more generally, with the problem of deciding
whether the field of moduli of a curve is a field of definition. In this setting, pseu-
doreal curves are complex curves having R as field of moduli, but not as a field of
definition. A fundamental tool in this approach is a classical theorem by A. Weil
(Theorem 1.3), which provides a necessary and sufficient condition for a projective
variety defined over a field L, to be definable over a subfield K ⊆ L when the exten-
sion is Galois. More recently, P. De`bes and M. Emsalem proved that X/Aut(X) can
be always defined over the field of moduli of X and that X has the same property
when a suitable model B of X/Aut(X) over the subfield K ⊆ L has a K-rational
point (see [DE99, Corollary 4.3 (c)]). Such result has been applied by B. Huggins
to complete the classification of pseudoreal hyperelliptic curves [Hug05, Proposi-
tion 5.0.5] and later by A. Kontogeorgis in [Kon09] in the case of p-gonal curves.
Unfortunately, the result of De`bes-Emsalem is not easy to apply as soon as the
genus of X/Aut(X) is bigger than zero.
A second approach, specific of compact Riemann surfaces, is through the theory
of Fuchsian groups, and more generally of non-euclidean crystallographic (NEC)
groups, which are discrete subgroups ∆ of the full automorphism group of the
hyperbolic plane H such that H/∆ is a compact Klein surface. It follows from the
uniformization theorem that giving a compact Riemann surface X of genus g ≥ 2
containing a group isomorphic to G in its full automorphism group is equivalent to
give an epimorphism ϕ : Γ → G, where Γ is a NEC group, such that ker(ϕ) is a
torsion free Fuchsian group. The automorphism group Aut(X) of X = H/ ker(ϕ)
will then contain ϕ(Γ+) = G+, where Γ+ is the canonical Fuchsian subgroup of
Γ. The Riemann surface X is pseudoreal if and only if Aut(X) is an index two
subgroup of its full automorphism group Aut(X)± such that Aut(X)±\Aut(X)
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contains no involutions. This idea allowed D. Singerman to prove the existence of
pseudoreal Riemann surfaces of any genus g > 1 (Theorem 2.7). Moreover, it has
been used by E. Bujalance, M. Conder and A.F. Costa in [BCC10] and [BC14] to
classify the full automorphism groups of pseudoreal Riemann surfaces up to genus
4.
The aim of this paper is to provide an introduction to both approaches and to
show some new results on the classification of automorphism groups of pseudoreal
Riemann surfaces. The paper is organized as follows.
In section 1 we deal with the number theoretical approach. We first provide
the background material, defining the concepts of field of moduli and of pseudoreal
curve. Moreover, we introduce the theorem by De`bes-Emsalem and some conse-
quences of it when X/Aut(X) has genus 0. In particular we prove the following
result.
Theorem 1 (Theorem 1.12). Let K be an infinite perfect field of characteristic
p 6= 2 and let F be an algebraic closure of K. Let X be a smooth projective algebraic
curve of genus g ≥ 2 defined over F , H the center of Aut(X) and assume that X/H
has genus 0. If Aut(X)/H is neither trivial nor cyclic (if p = 0) or cyclic of order
relatively prime to p (if p > 0) then X can be defined over its field of moduli relative
to the extension F/K.
This immediately implies the following.
Corollary 1 (Corollary 1.13). Let K be a field of characteristic 0 and let F be
an algebraic closure of K. Let X be a smooth projective algebraic curve of genus
g ≥ 2 defined over F such that X/Z(Aut(X)) has genus 0 (where Z(Aut(X)) is
the center of Aut(X)). If X can not be defined over its field of moduli MF/K(X),
then Aut(X) is abelian.
The second section considers the NEC group approach. We recall the proof of
the existence of pseudoreal Riemann surfaces in every genus and a recent result
by C. Baginski and G. Gromadzki [BG10] which characterizes groups appearing
as full automorphisms groups of pseudoreal Riemann surfaces. In this setting,
studying group extensions of degree two, we provide the following result, which
gives an alternative proof of [DE99, Corollary 4.3 (b)] for the extension C/R and
new conditions on the automorphism group of a pseudoreal Riemann surface.
Theorem 2 (Corollary 2.13). Let G be the conformal automorphism group of a
Riemann surface X. Suppose that Z(G) = {1} and that either Out(G) has no
involutions or Inn(G) has group complement in Aut(G). Then X is not pseudoreal.
Finally, we consider the maximal full automorphism groups of pseudoreal Rie-
mann surfaces (see Theorem 2.14) and we prove the following result.
Theorem 3 (Theorem 2.15). If a pseudoreal Riemann surface X has maximal full
automorphism group, then its conformal automorphism group is not abelian and
X/Z(Aut(X)) has positive genus.
Section 3 is about the classification of pseudoreal Riemann surfaces of low genus.
We develop an algorithm which allows to classify pseudoreal Riemann surfaces of a
given genus g ≥ 2 starting from the list of all groups acting on Riemann surfaces of
that genus. The algorithm has been implemented in a program written for Magma
[BCP97] based on a program by J. Paulhus [Pau15]. By means of this program, we
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are able to provide the classification of pseudoreal Riemann surfaces up to genus
10, extending previous results in [BCC10,BC14].
Theorem 4 (Theorem 3.2). Two finite groups G and G¯ are the conformal and full
automorphism groups of a pseudoreal Riemann surface X of genus 5 ≤ g ≤ 10 if
and only if G = Aut(X) and G = Aut±(X) appear in the corresponding table by
genus among Tables 6, 7, 8, 9, 10 and 11.
Aknowledgments. This paper grew out of the Master Thesis of Cristian Reyes
Monsalve, defended in October 2016 at Universidad de Concepcio´n (Chile). We
thank Andrea Tironi for several useful discussions and careful reading, Antonio
Laface for inspiring conversations and for his help in the design of the Magma
programs, Rube´n Hidalgo, Jeroen Sijsling and Xavier Vidaux for key remarks which
helped to improve the final version. We especially thank Jennifer Paulhus for her
kind assistance in the use of her program.
1. The number theoretical approach
1.1. Fields of moduli of projective curves. Everytime we say curve we mean
a smooth projective algebraic curve.
Definition 1.1. Let F be a field and let X ⊆ PnF be a curve defined as the zero
locus of homogeneous polynomials with coefficients in F . If K ⊂ F is a subfield,
we say that X can be defined over K, or that K is a field of definition of X, if
there exists a curve Y ⊆ PmF defined by polynomials with coefficients in K and
isomorphic to X over F .
If f : X −→ Y is a morphism between two curves X and Y defined over a field
F , we say that f is defined over F if the polynomials defining f have all their
coefficients in F .
If F/K is a field extension, the group of automorphisms
Aut(F/K) := {σ ∈ Aut(F ) : σ|K = idK}
naturally acts on both curves and morphisms defined over F in the following way.
Definition 1.2. Let F/K be a field extension and σ ∈ Aut(F/K).
(i) Given a curve X = Z(p1, . . . , pr) ⊆ PnF , where p1, . . . , pr ∈ F [x0, . . . , xn]
are homogeneous, let Xσ := Z(pσ1 , . . . , p
σ
r ), where p
σ
i is obtained applying
σ to the coefficients of pi.
(ii) Given a morphism f : X → Y between curves defined over F , let
fσ := σ ◦ f ◦ σ−1 : Xσ → Y σ,
where σ : Z → Zσ sends [z0 : . . . : zn] to [σ(z0) : . . . : σ(zn)].
A fundamental result in this area is the following
Theorem 1.3. (Weil’s Theorem) [Wei56, Theorem 1] Let X be a curve defined
over F and let F/K be a Galois extension. If for every ρ ∈ Aut(F/K) there exists
an isomorphism fρ : X −→ Xρ defined over F such that
fστ = f
σ
τ ◦ fσ, ∀σ, τ ∈ Aut(F/K),
then there exist a curve Y defined over K and an isomorphism g : X → Y defined
over F such that gρ ◦ fρ = g,∀ρ ∈ Aut(F/K).
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It is natural to ask for the smallest field of definition of a curve, this leads to the
concept of field of moduli.
Definition 1.4. The field of moduli of a curve X defined over F relative to a Galois
extension F/K is
MF/K(X) := Fix(FK(X)) where FK(X) = {σ ∈ Aut(F/K) : X ∼=F Xσ}.
If F/K is a Galois extension, then it can be easily proved that MF/K(X) ⊆ F ′
for any field of definition F ′ of X such that K ⊆ F ′ ⊆ F . Moreover, it is clear that
the relative fields of moduli of two isomorphic curves over F are isomorphic.
The following is an easy consequence of Weil’s theorem together with the fact
that MF/R(X) = R, where R = MF/K(X) [DE99, Proposition 2.1].
Proposition 1.5. If X is a curve defined over a field F , F/K is a Galois extension
and Aut(X) is trivial, then X can be defined over its field of moduli MF/K(X).
Since the generic curve of genus g > 2 has trivial automorphism group (see
[Gre63, Theorem 2]), by Proposition 1.5 we deduce that X is always defined over
its field of moduli relative to a Galois extension. Moreover, for curves of genus 0
and 1, it is known that the field of moduli is a field of definition (see Example 1.6).
By a result of H. Hammer and F. Herrlich any curve can be defined over a finite
extension of its field of moduli [HH03]. However there are examples of curves of any
genus g ≥ 2 with non-trivial automorphism groups whose field of moduli (relative
to a certain field extension) is not a field of definition. As Weil’s theorem suggests,
the structure of the automorphism group plays a key role in the definability problem
over the field of moduli.
Example 1.6. Let X be a curve of genus 1 defined over an algebraically closed
field F of characteristic p 6= 2 and let F/K be a Galois extension. It is well known
that X ∼=F Cλ, where Cλ ⊆ P2F is the plane cubic defined by
x21x2 − x0(x0 − x2)(x0 − λx2) = 0,
and λ ∈ F −{0, 1}. Moreover Cλ and Cµ are isomorphic if and only if j(λ) = j(µ),
where j is the j-invariant [Sil09, Proposition 1.7, Ch. III]. Given σ ∈ Aut(F/K)
we have that Cσλ = Cσ(λ). Thus
MF/K(X) := Fix({σ ∈ Aut(F/K) : j(λ) = j(σ(λ)) = σ(j(λ))}) = K(j(λ)).
For every λ ∈ F , one can find a smooth plane model for Cλ which is defined over
K(j(λ)) [Sil09, Proposition 1.4], so MF/K(X) is also a field of definition of X.
In this paper we will focus on the case of the field extension C/R. More precisely,
we are interested in the following concept.
Definition 1.7. A pseudoreal curve is a complex curve X such that MC/R(X) = R
but R is not a field of definition for X.
1.2. De`bes-Emsalem theorem. We recall a very useful theorem, based on Weil’s
theorem, that gives sufficient conditions for the definability. Let F/K be a Galois
extension, X be a smooth projective curve of genus g ≥ 2 defined over F and
assume that K is the field of moduli MF/K(X). Then for every σ ∈ Aut(F/K)
there is an isomorphism fσ : X −→ Xσ. This induces an isomorphism
ϕσ : X/Aut(X) −→ Xσ/Aut(Xσ)
that makes the following diagram commute
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X Xσ
X/Aut(X) Xσ/Aut(Xσ).
pi
fσ
ϕσ
piσ
Composing ϕσ with the canonical isomorphism X
σ/Aut(Xσ) −→ (X/Aut(X))σ
this gives a family of isomorphisms
{ϕσ : X/Aut(X) −→ (X/Aut(X))σ}σ∈Aut(F/K)
which satisfies the condition in Weil’s Theorem. Thus there exists a curve B iso-
morphic to X/Aut(X) over F which is defined over K. This curve B is the so called
canonical K-model for X/Aut(X).
Theorem 1.8. [DE99, Corollary 4.3, (c)] Let F/K be a Galois extension and X
be a smooth projective curve of genus g ≥ 2 defined over F such that the order of
Aut(X) is not divisible by the characteristic of K. Assume that K is the field of
moduli of X and that F is the separable closure of K. If the canonical K-model
B of X/Aut(X) has at least one K-rational point off the branch point set of the
natural quotient pi : X → B, then K is a field of definition of X.
1.3. The case when X/Aut(X) has genus zero. In case the field has character-
istic zero and the K-canonical model B of X/Aut(X) has genus zero, the existence
of one K-rational point in B implies that B ∼=K P1K , so there are infinitely many
of them. Moreover, the existence of a K-rational point is implied by the existence
of a divisor of odd degree defined over K [Hug07, Lemma 5.1]. These ideas led to
the following beautiful result by B. Huggins.
Theorem 1.9. [Hug07] Let K be a perfect field of characteristic p 6= 2 and let F
be an algebraic closure of K. Let X be a hyperelliptic curve defined over F and let
G = Aut(X)/〈i〉, where i is the hyperelliptic involution of X. If G is not cyclic, or
it is cyclic of order not divisible by p, then X can be defined over its field of moduli
relative to the extension F/K.
The proof relies on the fact that the quotient group Aut(X)/〈i〉 acts on P1F ,
and thus it is isomorphic to a finite subgroup of PGL(2, F ) (when p = 0 this is
isomorphic to either Cn, Dn, A4, A5 or S4 [MV80]). The author showed that in all
cases, except in the cyclic case, one can find a K-rational point in the canonical
model B of X/Aut(X) by studying explicitely the action of Aut(F/K) on the
function field of B.
The case of hyperelliptic curves such that Aut(X)/〈i〉 is cyclic of order coprime
to the characteristic of the ground field has been completely described in [LRS16].
In [Kon09] Kontogeorgis generalized Theorem 1.9 considering certain p-cyclic
covers of the projective line, where p is prime, in any characteristic. In particular
he proved the analogous of Huggins’ theorem in case the subgroup generated by the
cyclic automorphism of order p is normal in Aut(X). Recently, this has been further
generalized by R. Hidalgo and S. Quispe [HQ16] by considering some particular
subgroups of the automorphisms group of the curve, defined as follows.
Definition 1.10. Let X be a curve. A subgroup H ⊆ Aut(X) is unique up to
conjugation if any subgroup K ⊆ Aut(X) isomorphic to H such that the signatures
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of the covers piH : X −→ X/H and piK : X −→ X/K are the same is conjugated to
H.
Observe that the subgroup H generated by the hyperelliptic involution or by a
cyclic automorphism of prime order p with quotient X/H of genus zero are unique
up to conjugation. In the following, we denote by NG(H) the normalizer of a
subgroup H of G.
Theorem 1.11. [HQ16, Theorem 1.2] Let K be an infinite perfect field of charac-
teristic p 6= 2 and let F be an algebraic closure of K. Let X be a smooth projective
algebraic curve of genus g ≥ 2 defined over F and let H be a subgroup of Aut(X)
which is unique under conjugation, so that X/H has genus 0. If NAut(X)(H)/H is
neither trivial nor cyclic (if p = 0) or cyclic of order relatively prime to p (if p > 0)
then X can be defined over its field of moduli relative to the extension F/K.
A similar proof led us to prove the following result, where H is replaced by the
center of the automorphism group. Observe that the center is not unique up to
conjugation in general (see Example 1.14).
Theorem 1.12. Let K be an infinite perfect field of characteristic p 6= 2 and let F
be an algebraic closure of K. Let X be a smooth projective algebraic curve of genus
g ≥ 2 defined over F , H the center of Aut(X) and assume that X/H has genus
0. If Aut(X)/H is neither trivial nor cyclic (if p = 0) or cyclic of order relatively
prime to p (if p > 0) then X can be defined over its field of moduli relative to the
extension F/K.
Proof. We will prove the theorem for the case p = 0, since the proof for the case
p 6= 0 is the same as in [HQ16, Theorem 1.2]. Without loss of generality we can
assume K = MF/K(X) (see [DE99, Proposition 2.1]). Given σ ∈ Aut(F/K), there
exists an isomorphism fσ : X −→ Xσ. We start observing the following, where
G = Aut(X):
Claim 1. fσZ(G)f
−1
σ = Z(G)
σ. For every a ∈ Z(G) and b ∈ Gσ we have
(fσaf
−1
σ )b = fσa(f
−1
σ bfσ︸ ︷︷ ︸
b′∈G
)f−1σ = fσab
′f−1σ =︸︷︷︸
a∈Z(G)
fσb
′af−1σ = b(fσaf
−1
σ ).
This says that fσZ(G)f
−1
σ ⊆ Z(Gσ), which is equal to Z(G)σ. The other inclusion
is obtained analogously. By Claim 1 and the fact that fσGf
−1
σ = G
σ, there exist
two isomorphisms gσ and hσ such that the following diagram commutes:
X
fσ //
pi1

Xσ
piσ1

X/Z(G)
gσ //
pi2

(X/Z(G))σ
piσ2

X/G
hσ // (X/G)σ
Claim 2. Without loss of generality, we can assume that the branch locus of pi2 in
X/G ∼= P1F is B = {0, 1,∞}.
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The covering group of pi2 is isomorphic to G/Z(G) and it is a finite group acting on
the projective line. By our hypothesis, G/Z(G) is not a cyclic group, so it must be
isomorphic to either Dn, A4, A5 or S4 [MV80]. In any of these four cases the branch
locus of pi2 consists of 3 points, which can be taken to be 0, 1,∞ up to a projectivity.
Claim 3. There exists an isomorphism R : X/G −→ B to the canonical K-model
B of X/G such that R = Rσ ◦ hσ.
We will prove that given σ ∈ Aut(F/K) there exists a unique isomorphism hσ
as in the diagram. This implies that {hσ}σ∈Aut(F/K) satisfies Weil’s Theorem 1.3
and gives the statement.
Let S := pi2 ◦ pi1. Assume that there exist other isomorphisms f ′σ and h′σ such
that h′σ ◦ S = Sσ ◦ f ′σ. Then f−1σ ◦ f ′σ = g ∈ G so we have
h′σ ◦ S = Sσ ◦ f ′σ = Sσ ◦ fσ ◦ g = Sσ ◦ g′ ◦ fσ = Sσ ◦ fσ = hσ ◦ S,
where in the third equality g′ := fσ ◦ g ◦ f−1σ ∈ Gσ and the fourth equality follows
from the fact that Sσ is the quotient by Gσ. Thus h′σ = hσ, proving that hσ is
uniquely determined by σ. By Weil’s Theorem 1.3 we obtain that there exists an
isomorphism R : X/G −→ B such that B is a curve of genus 0 defined over K and
we have the following commutative diagram (∗):
X
fσ //
S

Xσ
Sσ

X/G
hσ //
R !!
(X/G)σ
Rσ
{{
B
Since gσ and hσ are isomorphisms, we have that hσ(B) = σ(B) = B (∗∗).
Claim 4. B has a K-rational point r outside the branch locus of R ◦ S.
The branch divisor D = R(0) +R(1) +R(∞) satisfies
Dσ = σ(R(0)) + σ(R(1)) + σ(R(∞)) = Rσ(σ(0)) +Rσ(σ(1)) +Rσ(σ(∞))
= Rσ(0) +Rσ(1) +Rσ(∞) (∗)= R ◦ h−1σ (0) +R ◦ h−1σ (1) +R ◦ h−1σ (∞)
(∗∗)
= D,
so B has a K-rational divisor of degree 3. By [Hug07, Lemma 5.1] this implies that
B has a K-rational point, and thus B is isomorphic to P1K over K. In particular,
B has a K-rational point r outside the branch locus of R ◦ S.
By De`bes-Emsalem theorem (Theorem 1.8 (b)) and Claim 4 we conclude that
K is a field of definition of X. 
A group over its center is cyclic if and only if the group is abelian, thus we obtain
the following.
Corollary 1.13. Let K be a field of characteristic 0 and let F be an algebraic
closure of K. Let X be a smooth projective algebraic curve of genus g ≥ 2 defined
over F such that X/Z(Aut(X)) has genus 0. If X can not be defined over its field
of moduli MF/K(X), then Aut(X) is abelian.
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Example 1.14. Consider the plane quartic X defined by x4 + y4 + z4 + ax2y2 +
bxyz2 = 0, where ab 6= 0. By [Bar05, Theorem 29] X has automorphism group
isomorphic to D4 and generated by
f : [x : y : z] 7→ [y : x : z], g : [x : y : z] 7→ [ix : −iy : z].
The map g2 has order 2 and generates the center of Aut(X). The group 〈f〉 also
has order 2, and the quotients X/〈f〉 and X/〈g2〉 both have signature (1; [2, 2, 2, 2]).
Thus Z(Aut(X)) is not unique up to conjugation in this case.
1.4. Odd signature curves. We present here another easy criterion for the defin-
ability of a curve X over its field of moduli in terms of the signature of the covering
pi : X −→ X/Aut(X) provided that X/Aut(X) has genus 0.
Definition 1.15. A smooth projective curve X of genus g ≥ 2 has odd signature
if the signature of the covering pi : X → X/Aut(X) is of the form (0; c1, . . . , cr)
where some ci appears exactly an odd number of times.
The following result can be proved by means of De`bes-Emsalem theorem and
applying [Hug07, Lemma 5.1] to the branch locus of the projection pi : X −→ X/
Aut(X). In case the field is finite, the result follows from [Hug07, Corollary 2.11].
Theorem 1.16. [AQ12, Theorem 2.5] Let X be a smooth projective curve of genus
g ≥ 2 defined over an algebraically closed field F , and let F/K be a Galois exten-
sion. If H is a subgroup of Aut(X) unique up to conjugation and piN : X −→ X/
NAut(X)(H) is an odd signature cover, then MF/K(X) is a field of definition for
X.
The previous theorem immediately implies that X can be defined over its field
of moduli anytime the branch locus of pi : X → X/Aut(X) has odd cardinality. In
[AQ12, Corollary 3.5] it has been applied to show that non-normal p-gonal curves
in characteristic zero, where p is prime, can always be defined over their field of
moduli.
2. Pseudoreal Riemann surfaces and NEC groups
In this section we will concentrate on complex curves, or equivalently (embedded)
compact Riemann surfaces.
2.1. Pseudoreal Riemann surfaces. Since the concepts of field of moduli and
field of definition of a curve only depend on its isomorphism class, then we can
extend the definition to compact Riemann surfaces after choosing any embedding
of them in a projective space. We recall that an antiholomorphic (or anticonformal)
morphism between two Riemann surfaces X,Y is a continuous map X → Y whose
transition maps composed with the complex conjugation J are holomorphic.
Proposition 2.1. A compact Riemann surface X has field of moduli MC/R(X) = R
if and only if it has an anticonformal automorphism, and it has field of definition
R if and only if it has an anticonformal involution.
Proof. We will identify X with a smooth complex projective curve, after choosing
an embedding of it in a projective space PnC. Note that MC/R(X) = R if and only
if X ∼=C X, where we denote by X the curve Xc obtained applying the complex
conjugation to the coefficients of the defining polynomials of X. If f : X −→ X is
an isomorphism and J([x0 : · · · : xn]) = [x¯0 : · · · : x¯n], then f ◦J |X : X −→ X is an
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anticonformal automorphism. Conversely, if g is an anticonformal automorphism of
X, then J ◦g is an isomorphism between X and X. This proves the first statement.
If X has field of definition R, then we can assume without loss of generality
that X = X, so that the map J |X is an anticonformal involution of X. Conversely
assume that X has an anticonformal involution τ . If Aut(C/R) = {e, c}, let fe :
X −→ Xe = X be the identity and fc := J |X ◦ τ : X → X = Xc. We have
fc = (fc)
e ◦ fe, fc = (fe)c ◦ fc, fe = (fe)e ◦ fe,
and we see that
(fc)
c ◦ fc = (J |X ◦ τ)c ◦ (J |X ◦ τ) = ((J |X)c ◦ τ c ◦ J |X) ◦ τ = τ ◦ τ = IdX = fe,
so the collection {fe, fc} satisfies the condition of Weil’s theorem. Hence X can be
defined over R. 
Corollary 2.2. A Riemann surface is pseudoreal if and only if it has antiholomor-
phic automorphisms but no antiholomorphic involution.
Observe that with this characterization it is clear that any pseudoreal Riemann
surface has non-trivial automorphism group. In what follows we will denote by
Aut±(X) the full automorphism group of a Riemann surface, i.e. the group con-
taining both automorphisms and anti-holomorphic automorphisms of X. To study
such group we recall the language of Fuchsian and NEC groups.
2.2. NEC groups.
Definition 2.3. A NEC group is a discrete subgroup Γ of PGL(2,R), the full
automorphism group of H = {z ∈ C : Im(z) > 0}, such that H/Γ is a compact
surface. A Fuchsian group is a NEC group contained in PSL(2,R), the group of
conformal automorphisms of H. If Γ is a NEC group which is not a Fuchsian group,
it is called a proper NEC group and the group Γ+ := Γ ∩ PSL(2,R) is called the
canonical Fuchsian subgroup of Γ.
Every NEC group Γ admits a vector, called the signature of Γ, given by
(1) s(Γ) = (g;±; [m1, . . . ,mr], {C1, . . . , Ck}),
where g is the genus of the quotient space H/Γ; the sign + or − depends on the
orientability or non-orientability of the quotient space, respectively; the integers
mi ≥ 2 are the ramification indices of the r branch points of the quotient pi : H −→
H/Γ; and the Ci are si-uples of integers
Ci = (ni1, . . . , nisi),
such that nij ≥ 2, where that values represents the ramification index of the quo-
tient H/Γ in its i-th boundary component (if it has no border, we consider no Ci in
the signature). Every NEC group with signature (1) (for + sign) has a presentation
as a group given by the generators
x1, . . . , xr a1, b1, . . . , ag, bg e1, . . . , ek c10, . . . , c1s1 , . . . , ck0, . . . , cksk
which are called elliptic, hyperbolic, boundary and reflection elements, respectively,
that satisfy the relations
xmii = 1 ∀i ∈ {1, . . . , r}
c2ij−1 = c
2
ij = (cij−1cij)
nij = 1, cisi = e
−1
i ci0ei ∀i ∈ {1, . . . , k} , ∀j ∈ {0, . . . , si}
AUTOMORPHISM GROUPS OF PSEUDOREAL RIEMANN SURFACES 11
x1 . . . xre1 . . . ek[a1, b1] . . . [ag, bg] = 1,
where [ai, bi] = aibia
−1
i b
−1
i . In case the signature has a − sign, the relations are
the same except the last one which is replaced by
x1 . . . xre1 . . . ekd
2
1 . . . d
2
g = 1,
where the di are g glide reflections, which are antiholomorphic elements of infinite
order of the NEC group (for details see [BEGG90, Ch. 0]).
By the Riemann surfaces uniformization theorem we know that every compact
Riemann surface of genus greater than 1 is biholomorphic to H/∆, where ∆ is a
Fuchsian group without torsion. It follows with this presentation that
Aut(X) ∼= NPSL(2,R)(∆)/∆, Aut±(X) ∼= NPGL(2,R)(∆)/∆,
where N−(∆) denotes the normalizer of ∆ in both cases. In fact, any group H ≤
Aut(X) is isomorphic to some quotient group Γ/∆, where Γ is a Fuchsian group
that contains ∆ as a normal subgroup of finite index. In a similar way, a subgroup
H ≤ Aut±(X) is isomorphic to a quotient Γ/∆, where Γ is a NEC group (see
[BEGG90]).
With the previous notation, studying Riemann surfaces where an abstract group
H acts as full automorphism group with a certain signature is equivalent to study
the possible epimorphisms θ : Γ → H such that ker(θ) is a torsion free group
contained in Γ+. Observe that ker(θ) is a torsion free Fuchsian group if and only if
θ preserves the orders of the finite order elements of Γ (see [BCGG10, p. 12]).
The images by θ of the generators of Γ form a vector with entries in H which is
called generating vector of θ.
The following theorem relates the signature of a NEC group with the signature
of its canonical Fuchsian subgroup [Sin74a, Theorem 2].
Theorem 2.4. Let X/∆ be a Riemann surface (considered as a Klein surface)
and denote by Γ the NEC group NPGL(2,R)(∆) which corresponds to its full auto-
morphism group. If Γ is a proper NEC group which has no reflections, then its
signature has the form
(g;−; [m1, . . . ,mr]),
and the signature of his canonical Fuchsian subgroup Γ+ will be of the form
(g − 1; +; [m1,m1, . . . ,mr,mr]),
where every mi appears two times.
2.3. Finite-extendability of Fuchsian and NEC signatures. We now recall
the concept of finitely maximal Fuchsian signature, since it will be important to
decide whether a given group is the complete automorphism group of a Riemann
surface or not. In what follows we will denote by s(G) the signature of a NEC
group G and by d(s(G)) = 6g− 6 + 2r the real dimension of the Teichmu¨ller space
of the signature s(G) = (g; [m1, . . . ,mr]) (see [Sin74b, p. 19]).
Definition 2.5. A Fuchsian group ∆ is finitely maximal if it is not contained prop-
erly in another Fuchsian group with finite index. The signature (g; [m1, . . . ,mr]) of
a Fuchsian group ∆ (a Fuchsian signature) is finitely maximal if d(s(Γ)) 6= d(s(∆))
for every Fuchsian group Γ containing ∆ as a proper subgroup.
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Almost all Fuchsian signatures are finitely maximal, and those which are not
finitely maximal were identified by L. Greenberg in [Gre63] and D. Singerman in
[Sin72]. They determined there the so called Singerman list (see [BEGG90, p. 19]),
which contains the only 19 non finitely maximal Fuchsian signatures.
Considering Theorem 2.4 we are interested in some particular signatures from
Singerman list.
Table 1. Even signatures from Singerman list
σ1 σ2 [σ2 : σ1]
(2; [−]) (0; [2, 2, 2, 2, 2, 2]) 2
(1; [t, t]) (0; [2, 2, 2, 2, t]) 2
(0; [t, t, t, t]) t ≥ 3 (0; [2, 2, 2, t]) 4
(0; [t1, t1, t2, t2]) t1 + t2 ≥ 5 (0; [2, 2, t1, t2]) 2
The analogous of Singerman list for NEC groups was developed and completed in
[Buj82] and [EI06]. We will use these lists to find NEC signatures which correspond
to full automorphism groups of pseudoreal Riemann surfaces. By [BCGG10, Re-
mark 1.4.7], the signature s(Γ) of a proper NEC group is finitely maximal if the
same holds for the signature s(Γ+) of its canonical Fuchsian subgroup.
In [BG10, Section 4], the authors studied under which conditions a finite group G
with a given non finitely maximal NEC signature can act as the full automorphism
group of a pseudoreal Riemann surface. The three NEC signatures they studied
were
(1;−; [k, l]; {−}), (1;−; [k, k]; {−}), (2;−; [k]; {−}),
which are associated to the non finitely maximal Fuchsian even signatures
(0; [k, k, l, l]), (0; [k, k, k, k]), (1; [k, k]),
of the Singerman list (see Table 1 and Theorem 2.4). We study the missing case of
the non finitely maximal NEC signature (3;−; [−]; {−}), which will be needed to
complete the classification of possible automorphism groups for pseudoreal Riemann
surfaces. In what follows we say that an automorphism group has an essential action
on a Riemann surface if it contains anticonformal elements.
Lemma 2.6. Let ∆ be a NEC group with signature (3;−; [−]; {−}). There exists
an epimorphism θ : ∆ −→ G onto a finite group G defining an essential action on
a pseudoreal Riemann surface if and only if G is a non-split extension of some of
its subgroups H of index 2, G is generated by three elements d′, d′′, d′′′ such that
d′, d′′, d′′′ 6∈ H, (d′)2(d′′)2(d′′′)2 = 1 and the map
d′ 7→ (d′)−1, d′′ 7→ (d′)2(d′′)−1(d′)−2, d′′′ 7→ (d′′′)−1
does not induce an automorphism of G. Furthermore, such a group G is necessarily
the full automorphism group of a pseudoreal Riemann surface on which it acts.
Proof. Suppose we have an epimorphism θ : ∆ −→ G onto a finite group G defining
an essential action on the pseudoreal Riemann surface X = H/ ker(θ). Then H :=
θ(∆+) is an index 2 subgroup of G, because G has anticonformal elements. The
extension H ≤ G is non-split since otherwise G\H would contain anticonformal
involutions, contradicting the fact that X is pseudoreal. We have ∆ = 〈d1, d2, d3 :
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d21d
2
2d
2
3 = 1〉 where the di’s are glide reflections, so the anticonformal elements
d′ := θ(d1), d′′ := θ(d2) and d′′′ := θ(d3) can not belong to H. To prove the
statement we need to show that the map
d′ 7→ (d′)−1, d′′ 7→ (d′)2(d′′)−1(d′)−2, d′′′ 7→ (d′′′)−1
does not induce an automorphism of G. To see this, observe that by [Buj82, p. 529-
530] there is a NEC group ∆′ with the unique signature (0; +; [2, 2, 2], {(−)}) con-
taining ∆ as a subgroup of index 2. By [Buj82, Proposition 4.8] we know that
if
∆′ = 〈x1, x2, x3, c1, e1 : x1x2x3e1 = 1, e−11 c1e1c1 = 1, x21 = x22 = x23 = 1, c21 = 1〉
then ∆ can be written as
∆ = 〈d1 := c1x1, d2 := x1c1x1x2, d3 := x2x1c1x1x2x3〉 ≤ ∆′.
If we conjugate every generator of ∆ by c1 we get
c−11 d1c1 = d
−1
1 , c
−1
1 d2c1 = d
2
1d
−1
2 d
−2
1 , c
−1
1 d3c1 = d
−1
3 ,
so ker(θ) is a normal subgroup of ∆′ if and only if the images of d1, d2 and d3
through θ satisfy that the map
d′ 7→ (d′)−1, d′′ 7→ (d′)2(d′′)−1(d′)−2, d′′′ 7→ (d′′′)−1
induces an automorphism of ∆/ ker(θ) = G. So the assertion follows, since if ker(θ)
were a normal subgroup of ∆′, then ∆′/ ker(θ) ∼= Aut±(X) and it would contain
c1 ker(θ), which is an anticonformal involution, contradicting the hypothesis that
X is pseudoreal.
Conversely, for a NEC group ∆ with signature (3;−; [−], {−}) and a non-split
extension H ≤ G of degree 2, we can consider the map θ(d1) = d′, θ(d2) =
d′′, θ(d3) = d′′′ which induces an epimorphism θ : ∆ −→ G, defining an essential
action on X := H/ ker(θ). We must have that G is the full automorphism group
of X, because otherwise ker(θ) would be a normal subgroup of a NEC group ∆′
with signature (0; +; [2, 2, 2], {(−)}), and so by the previous part of the proof, the
mapping
d′ 7→ (d′)−1, d′′ 7→ (d′)2(d′′)−1(d′)−2, d′′′ 7→ (d′′′)−1
would define an automorphism of G, contradicting our assumptions. Finally, since
G is a non-split extension of H, then G\H contains no involutions, thus X is a
pseudoreal Riemann surface. 
2.4. Existence for any genus. In [Sin80, Theorem 1 and p. 48] the author proved
the following result. We provide the proof since it is an interesting application of
the approach through NEC groups.
Theorem 2.7. There exist pseudoreal Riemann surfaces for every genus g ≥ 2.
Proof. Consider a NEC group ∆ with signature (1;−; [2g+1]; {−}), where g is even.
If x1, . . . , xg+1 is the set of elliptic generators and d1 is the glide reflection, which
together generate ∆, we can define an epimorphism θ : ∆ −→ C4 = 〈a : a4 = 1〉
given by
θ(xi) = a
2, ∀i ∈ {1, . . . , g + 1}, θ(d1) = a.
Since θ preserves the orders of the elliptic generators then ker(θ) is torsion free
(see [BCGG10, p. 12]), so the quotient X = H/ ker(θ) is a Riemann surface such
that Aut±(X) contains the group ∆/ ker(θ) ∼= C4. Since ∆ has finitely maximal
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signature [Buj82], we can conclude that Aut±(X) ∼= C4. This Riemann surface
X has genus g and has anticonformal automorphisms, but no anticonformal invo-
lutions, because a2, the only element of order 2 in C4, is in the conformal part
Aut+(X) ∼= {1, a2}. Thus X is pseudoreal.
The proof for odd g is similar, taking the NEC signature (2;−; [2g−1]; {−}) and
considering the epimorphism θ : ∆ −→ C4 = 〈a : a4 = 1〉 given by
θ(xi) = a
2, ∀i ∈ {1, . . . , g − 1}, θ(d1) = θ(d2) = a. 
2.5. Full groups of pseudoreal Riemann surfaces and group extensions.
Let G be a group acting on a Riemann surface X and containing antiholomorphic
automorphisms (i.e. acting as an essential group). Then there is an exact sequence
of groups
(2) 1 −→ G −→ G −→ C2 −→ 0,
where G denotes the subgroup of holomorphic automorphisms in G¯. If X is pseu-
doreal, then G \ G contains no order two elements, or equivalently the sequence
is non-split. On the other hand, the group G contains an element of order two
by Cauchy’s theorem applied to G, thus G has even order. In [BG10] the authors
proved that these conditions are sufficient for a group G to act on a pseudoreal
Riemann surface.
Theorem 2.8. [BG10, Theorem 3.3] A finite group G acts as an essential group
on a pseudoreal Riemann surface X if and only if it is a non-split extension of a
group of even order by the cyclic group of order 2. For any such group, there exists
a Riemann surface X having G as its full automorphism group.
As a consequence of the previous theorem, it can be easily seen that no symmetric
or dihedral group can be the full automorphism group of a pseudoreal Riemann
surface, and that any cyclic group of order 4n, n ≥ 1, is the full automorphism
group of some pseudoreal Riemann surface.
Motivated by the previous theorem, we study the possible extensions of a group
G by the cyclic group C2. The most general approach to this problem is through
cohomology of finite groups (see [AM04, Ch. 1]), but we will use easier tools.
Given an extension as in (2), consider an element x ∈ G\G. Since G is normal in
G, this induces an automorphism φx of G defined by conjugation by x (from now
on, we will denote by φp the conjugation by the element p). Moreover g = x
2 ∈ G,
φ2x = φg and g is fixed by φx. Let P (G) be the subset of Aut(G)×G defined by
P (G) := {(φ, g) ∈ Aut(G)×G : φ2 = φg, φ(g) = g}.
We can define an equivalence relation on P (G) by
(φ, g) ∼ (φ ◦ φh, φ(h)gh), ∀h ∈ G.
Let E(G) be the quotient set P (G)/ ∼.
Lemma 2.9. Given a group G, there exists a well defined function from the set of
group extensions
1 −→ G −→ G −→ C2 −→ 0,
to E(G).
Proof. For any such extension we can take an element x ∈ G\G and construct
the pair (φx, x
2). It is an easy exercise to check that different choices of x lead to
equivalent pairs. 
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Lemma 2.10. Given an element (φ, g) ∈ P (G), there exist an extension
1 −→ G −→ G −→ C2 −→ 0,
and an element x ∈ G\G such that φ = φx and x2 = g.
Proof. Consider the group G defined by
G := (GoF Z)/〈(g−1, z2)〉,
where Z is the cyclic group generated by z and F is the homomorphism induced by
F : Z −→ Aut(G), z 7→ φ.
The subgroup 〈(g−1, z2)〉 is normal in G oF Z, so G is a group. Clearly G injects
into G through a 7→ (a, 1), and we have that
G = {(g, 1) , g ∈ G} ∪ {(g, z) , g ∈ G},
because for (p, zm) ∈ GoF Z we have two cases
[(p, zm)] = [(pg
m
2 , 1)] for even m,
[(p, zm)] = [(pg
m−1
2 , z)] for odd m,
so |G| = 2|G| and we have G/G ∼= C2. Moreover φ(1,z)(h, 1) = (φ(h), 1), and
(1, z)2 = (g, 1), so we can choose x as (1, z). 
Theorem 2.11. There is a bijection between the set of isomorphism classes of
extensions of G by C2, and E(G). Moreover, one such extension is split if and only
if it corresponds to a pair [(φ, g)] where g = e, and it is a direct product if and only
if one can choose φ = idG, g = e.
Proof. Given an extension as in (2) we can associate to it the class [(φx, x
2)] by
Lemma 2.9. It is easy to see that an isomorphic extension leads to the same
pair. Conversely, by Lemma 2.10, we can associate to every pair (φ, g) ∈ P (G) an
extension of G defined by
A = (GoF Z) /〈(g−1, x2)〉
as we did above. Every pair (φ◦φh, φ(h)gh) equivalent to (φ, g) will give us another
group
B = (GoF ′ Z)/〈((φ(h)gh)−1, y2)〉,
where Z = 〈y〉, h ∈ G and F ′ : Z −→ Aut(G) is induced by y 7→ φ ◦ φh. An
isomorphism α : A −→ B is induced by α(g, 1) = (g, 1), α(1, x) = (φ(h)−1, y). It is
well defined because
α(g−1, x2) = (g−1, 1)(φ(h)−1, y)(φ(h)−1, y) = ((φ(h)gh)−1, y2)
and clearly α|G = IdG.
The exact sequence (2) is split if and only if G\G has an order 2 element p,
which gives us the desired pair (φp, e). Moreover G ∼= G×C2 if and only if one can
choose φp = IdG. 
Corollary 2.12. Let G be a finite group. Any extension of G by C2 is split if Z(G)
is trivial and one of the following holds
(i) Out(G) := Aut(G)/Inn(G) has no involutions;
(ii) Inn(G) has a group complement in Aut(G).
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Proof. Given a group extension as in (2), we can associate to it a pair (φ, g), such
that φ2 = φg. The class [φ] in Out(G) satisfies [φ]
2 = [1], but Out(G) has no order
2 elements, so φ ∈ Inn(G). In that case (φ, g) ∼ (φ ◦ φ−1, g′) = (IdG, g′) for some
g′ ∈ G, where Id2G = φg′ . Since Z(G) = {1}, then g′ = e. Thus (φ, g) ∼ (IdG, e) so
by Theorem 2.11 every extension of G by C2 will be a direct product G×C2. This
proves (i).
Let H be the group complement of Inn(G) in Aut(G), that is
Aut(G) = H · Inn(G), H ∩ Inn(G) = {1}.
If (φ, g) ∈ P (G), then φ2 = φg and φ(g) = g. We have that Aut(G) = H · Inn(G),
so φ ∈ Aut(G) can be written as φ = ϕ ◦ φh with ϕ ∈ H and φh ∈ Inn(G), so
(φ, g) ∼ (ϕ◦φh, g) ∼ (ϕ, g′) for some g′ ∈ G. We also have ϕ2 ∈ H∩Inn(G) = {1} so
ϕ2 = 1, but ϕ2 = φg′ so φg′ = 1, which is equivalent to g
′ = e because Z(G) = {1}.
In that case (ϕ, g′) = (ϕ, e) so we get the desired equality [(φ, g)] = [(ϕ, e)] and we
obtain (ii) by Theorem 2.11. 
If we translate the previous result for pseudoreal Riemann surfaces, we get the
following. The second condition had already been proved in [DE99, Corollary 4.3]
with different techniques.
Corollary 2.13. Let G be the conformal automorphism group of a Riemann surface
X. Suppose that Z(G) = {1} and that either Out(G) has no involutions or Inn(G)
has group complement in Aut(G). Then X is not pseudoreal.
2.6. Maximal groups. A. Hurwitz proved that the order of the conformal auto-
morphism group of a Riemann surface of genus g ≥ 2 is bounded above by 84(g−1)
(see [Hur93, p. 424]), and there are infinitely many Riemann surfaces whose con-
formal automorphism group attains that bound. The first example of such groups
was the order 168 group PSL(2, 7), which is the conformal automorphism group
of the Klein’s quartic. In the case of pseudoreal Riemann surfaces, the Hurwitz
bound is never attained because all such surfaces have conformal automorphism
groups of signature (0; [2, 3, 7]), which is an odd signature. This also follows from
[JW16, Theorem 5.4] since such Riemann surfaces are quasiplatonic, i.e. the genus
of X/Aut(X) is zero and the quotient X → X/Aut(X) has at most three branch
points. For pseudoreal Riemann surfaces there is a better upper bound, as we see
in the following
Theorem 2.14. [BCC10, Theorem 5.1] If X = H/Γ is a pseudoreal Riemann
surface of genus g with full automorphism group G, then |G| ≤ 12(g−1). Moreover,
if |G| = 12(g − 1) and G = ∆/Γ then the signature of ∆ is (1;−; [2, 3]).
If a pseudoreal Riemann surface X has genus g and full automorphism group of
order 12(g − 1), we will say that X has maximal full group. Using the programs
in Section 4 we found that the minimum genus for which there exists a pseudoreal
Riemann surface with maximal full group is g = 14, with conformal automorphism
group ID(78, 1) and full automorphism group ID(156, 7). In [BCC10, Theorem 5.5]
the authors proved that there exists pseudoreal Riemann surfaces with maximal
full group for infinitely many genera. The groups that they got are non abelian,
this inspired us to prove the next result.
Theorem 2.15. If a pseudoreal Riemann surface X has maximal full group, then
its conformal automorphism group is not abelian and X/Z(Aut(X)) has positive
genus.
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Proof. Suppose that the conformal automorphism group G of X is abelian. First
observe that G has order 6(g − 1) and the Fuchsian signature associated to G is
(0; [2, 2, 3, 3]) (Theorem 2.14 and Theorem 2.4). By [BCC03, Theorem 7.1] G is
cyclic since otherwise it would be a quotient of C2⊕C3 ∼= C6 (and thus cyclic). By
Table 3 we know that there is no conformal automorphism group of a pseudoreal
Riemann surface of order 6 in genus 2, so we can assume g > 2. However, in this
case 6(g − 1) > 2g + 2, and a generator of G will be an element of order > 2g + 2.
By [Sin74b, Corollary 1] X is not pseudoreal, contradicting the hypothesis. This
proves the first half of the statement.
The second statement follows from the first one and Corollary 1.13. 
3. Classification
In this section we will recall what are conformal and full automorphism groups
of pseudoreal Riemann surfaces up to genus 4 and we will extend such classification
up to genus 10.
Genus 2. By [CQ05, Theorem 2] we know that if X is a curve of genus 2 defined
over a field of characteristic not equal to 2, and Aut(X) 6∼= C2, then X can be defined
over its field of moduli. In particular, if X is a pseudoreal Riemann surface of genus
2, then Aut(X) ∼= C2. The latter result was also obtained in [BCC10, Theorem
4.1] via NEC groups and epimorphisms, obtaining C4 as the only possible full
automorphism group in genus 2 (see Table 3). An algebraic model for a pseudoreal
curve of genus 2 is Earle’s example [Ear71]
X : y2 = x(x2 − a2)(x2 + ta2x− a),
where a = e
2pii
3 and t ∈ R+ − {1}.
Genus 3. A hyperelliptic curve of genus three can be defined over its field of
moduli unless its automorphism group is isomorphic to C2 ×C2 (see [LR12, §4.5]).
In the non-hyperelliptic case, in [AQ12, Theorem 0.2] the authors proved that
if X is a smooth plane quartic such that |Aut(X)| > 4, then X can be defined
over its field of moduli, since all the other possible automorphism groups have
odd signature. Moreover, the authors proved that a pseudoreal plane quartic has
automorphism group C2. The same result was obtained in [BC14, Proposition 3.5]
via NEC groups and epimorphisms, obtaining C4 and C4 ×C2 as the only possible
full automorphism groups in genus 3 (see Table 4).
The equation of a pseudoreal hyperelliptic curve of genus 3 is given in [Hug05,
p. 82]
X : y2 = (x2 − a1)
(
x2 +
1
a1
)
(x2 − a2)
(
x2 +
1
a2
)
,
where the coefficients must satisfy certain special conditions. An explicit pseudoreal
plane quartic is given by
X : y4 + y2(x−a1z)
(
x+
1
a1
z
)
+ (x−a2z)
(
x+
1
a2
z
)
(x−a3z)
(
x+
1
a3
z
)
= 0,
where a1 = 1, a2 = 1− i, a3 = 2(i− 1) [AQ12, Proposition 4.3].
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Genus 4. In [BC14, Theorem 4.3] the authors find that the only possible full
automorphism groups for pseudoreal Riemann surfaces are C4, C8 and the Frobenius
group F20 (see Table 5). An algebraic model for a pseudoreal curve of genus 4 when
Aut+(X) is C2 with Fuchsian signature [0; 2
10] has been given by Shimura [Shi72]
y2 = x5 + (a1x
6− a1x4) + (a2x7 + a2x3) + (a3x8− a3x2) + (a4x9 + a4x) + (x10− 1),
and has full group C4, where the coefficients ai and aj are algebraically independent
over Q. When Aut+(X) is C4, we have a hyperelliptic example in [Hug05, p. 82]
given by
y2 = x(x4 − bi)
(
x4 +
1
bi
)
,
which has full group C8.
Example 3.1. We now provide the equations of a non-hyperelliptic pseudoreal
curve of genus 4 with automorphism group isomorphic to D5. This example was
kindly communicated to us by Jeroen Sijsling. Let X be the complete intersection of
the quadric and the cubic in P3 defined as the zero sets of the following polynomials:
F2 := (−3i+2)(x21+x22+x23+x24)+(9i−2)(x1x2+x2x3+x3x4)−6i(x1x3+x1x4+x2x4),
F3 := (−2i+ 1)(x21x2 + x22x3 + x23x4 − x1x22 − x2x23 − x3x24)+
+4i(x21x3 − x21x4 − x1x23 + x1x24 + x22x4 − x2x24).
Observe that, since X is canonically embedded, all elements of Aut(X) are induced
by projectivities in PGL(4,C). The curve X contains the following elements in its
automorphism group
T1 =

−1 1 0 0
−1 0 1 0
−1 0 0 1
−1 0 0 0
 , T2 =

−1 0 0 0
−1 0 0 1
−1 0 1 0
−1 1 0 0
 ,
which generate a subgroup G of Aut(X) isomorphic to the dihedral group D5:
G→ D5 = 〈a, b|a2, b5, aba−1b〉, T1 7→ b, T2 7→ a.
Actually, G = Aut(X) and can be proved as follows. By [KK90, Proposition 2.5, II,
1] and [MSSV02, Table 4], if G were properly contained in Aut(X), then Aut(X)
would be isomorphic to the symmetric group S5 and G to the unique subgroup of
S5 isomorphic to D5 (which can be generated by (13)(45) and (12345)). Moreover,
the normalizer of G in Aut(X) would be a group of order 20 containing an element
S (corresponding to (1534)) which acts by conjugacy on G as a 7→ a, b 7→ b2.
Observe that the following matrix acts by conjugacy on T1, T2 in the same way
as S:
M =

1 0 0 0
1 0 −1 1
0 1 −1 1
0 1 −1 0.
 .
This implies that A = M−1S belongs to the centralizer of G in PGL(4,C). Since the
trace of T1 is not zero and since T2 has order two, the AT1 = T1A and AT2 = ±T2A
in GL(4,C). An explicit computation with the help of Magma [BCP97] allows to
identify all such matrices A (which turn out to depend on one parameter) and to
check that MA never gives an automorphism of X.
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Observe that the matrix M gives an isomorphism between X and its conjugate
X¯. Finally, one can verify that the product of M with any element of G is not an
involution, showing that X has no anticonformal involutions.
As far as the authors know, there is no explicit example of a pseudoreal Riemann
surface of genus 4 with conformal automorphism group C2 with signature (2; [2, 2]).
Theorem 3.2. Two finite groups G and G are the conformal and full automorphism
groups of a pseudoreal Riemann surface X of genus 5 ≤ g ≤ 10 if and only if
G = Aut+(X) and G = Aut±(X) appear in the corresponding table by genus among
Tables 6, 7, 8, 9, 10 and 11.
Proof. The classification is obtained through a case by case analysis, carried out
by means of the Magma program which is described in the next section. The main
steps of the algorithm are the following.
(i) Fixed a genus 5 ≤ g ≤ 10 we consider the complete list L of triples (G, s, v),
where G is a group acting on Riemann surfaces X of genus g, s its signature
and v the generating vector of the action (see §2.2). These data are given
us by the Magma program of J. Paulhus (see [Pau15]).
(ii) From the list L we select only the triples where G has even order and s is
an even signature (see Theorem 2.4).
(iii) We separate the finitely maximal and the non finitely maximal signatures.
(iv) In case the signature is finitely maximal, we first consider all the non-
split extensions G of G by C2 (Theorem 2.8). For any such extension we
check the existence of an epimorphism θ : ∆ → G, where ∆ is a NEC
group whose signature is obtained from s by Theorem 2.4, and ker(θ) is a
torsion free Fuchsian group. If there is one such epimorphism, G and G¯ are
the conformal and full automorphism groups respectively of a pseudoreal
Riemann surface.
(v) In case the signature is non finitely maximal, we apply Lemmas [BG10,
Lemma 4.1, Lemma 4.2, Lemma 4.3] and Lemma 2.6 to identify pseudoreal
automorphism groups. 
Observe that for any case in the tables of section 4 there exists a pseudoreal curve
with those properties. However, finding an explicit algebraic model for such curves
is a difficult problem. In [Shi72] G. Shimura provided hyperelliptic examples for any
even genus g ≥ 2 with automorphism group of order two. Later the hyperelliptic
case has been completely characterized in the following theorem by B. Huggins,
which completes previous work in [BT02].
Theorem 3.3. [Hug05, Theorem 5.0.5] Let X be a hyperelliptic curve defined over
C such that MC/R(X) = R. Then X is pseudoreal if and only if it is isomorphic to
either y2 = f(x), or y2 = g(x), where
f(x) =
r∏
i=1
(xn − ai)
(
xn +
1
ai
)
, g(x) = x
s∏
i=1
(xm − bi)
(
xm +
1
bi
)
,
m, n, r, s are non negative integers such that 2nr > 5, sm is even, r is odd if n is
odd, and ai, bi satisfy additional conditions that can be found in [Hug05, Pag. 82].
Moreover, these curves have automorphism groups isomorphic to C2×Cn and C2n,
respectively.
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In [Ear71, Theorem 2.] the author gives an example of a pseudoreal Riemann
surfaceX of genus 5 with an order 4 anticonformal element called f , which generates
Aut±(X) ∼= C4 (see Figure 1). There are exactly 2 possible conformal actions of C2
on pseudoreal Riemann surfaces of genus 5, having signatures (3; [−]) and (1; [28]).
Since f2 has no fixed points, the conformal action is C2 with signature (3; [−]) (see
Table 6).
Figure 1. Earle’s picture of his genus 5 example
More non-hyperelliptic examples of pseudoreal curves have been introduced by
B. Huggins in [Hug05] and later by A. Kontogeorgis for p-gonal curves [Kon09]. In
[Hid09] R. Hidalgo found a nice example of a non-hyperelliptic pseudoreal curve of
genus 17 with automorphism group C52 which is a covering of the genus two example
given by Earle. Recently in [ACHQ16] the authors constructed a tower of Riemann
surfaces, going from Earle’s example in genus two to Hidalgo’s example in genus
17, which contains non-hyperelliptic examples of genus 5 and 9.
Finally, we apply Theorem 3.2 to the classification of pseudoreal plane quintics.
Corollary 3.4. Two finite groups G and G are the conformal and full automor-
phism groups of a pseudoreal plane quintic X if and only if G = Aut+(X) and
G = Aut±(X) are in a row of Table 2.
Aut+(X) Fuchsian signature Aut±(X) NEC signature Generating Vector
C4 (0; 4
6) C8 (1;−; [43]) (a; a2, a2, a2)
C2 (2; [2
6]) C4 (3;−; [23]) (a, a, a; a2, a2, a2)
Table 2. Possible automorphism groups for pseudoreal plane quintics
Proof. In [BB16] the authors classified the automorphism groups of plane quintics
defined over an algebraically closed field of characteristic zero, giving a smooth
plane model for every group. This classification, together with Table 7, gives a list
of the possible conformal and full groups of pseudoreal plane quintics. The possible
conformal automorphisms groups are D5, C2, C4:
(i) Aut(X) ∼= D5, with group generators σ1([x : y : z]) = [x : 5y : 25z] and
σ2([x : y : z]) = [z : y : x], with a smooth plane model
x5 + y5 + z5 + ax2yz2 + bxy3z = 0,
where a, b ∈ C with (a, b) 6= (0, 0). In this case the covering X −→ X/
Aut(X) has signature (0; [26]).
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(ii) Aut(X) ∼= C4, with generator σ([x : y : z]) = [x : y : 4z], with smooth
plane model
z4L1,z + L5,z = 0,
where Li,z ∈ C[x, y] are homogeneous polynomials with deg(Li,z) = i. In
this case the covering X −→ X/Aut(X) has signature (0; [46]).
(iii) Aut(X) ∼= C2, with generator σ([x : y : z]) = [x : y : −z], with smooth
plane model
z4L1,z + z
2L3,z + L5,z = 0,
where Li,z ∈ C[x, y] are homogeneous polynomials with deg(Li,z) = i. In
this case the covering X −→ X/Aut(X) has signature (2; [26]).
We now prove that case (i) cannot occur. Suppose we have an isomorphism
f between X and X¯. Then f must have a representation as a 3 × 3 matrix (see
[BB16]) and it must send the fixed points of the cyclic subgroup of order 5 of
Aut(X) to the same points for X¯. Such cyclic subgroup is generated by σ1 for both
curves and its fixed points are the fundamental points, so the matrix representing
f must be the composition of a permutation matrix with a diagonal matrix. Since
[x : y : z] 7→ [z : y : x] is the only non-trivial permutation allowed, then a matrix
representation for f , up to composing with an automorphism of X, is the following1 0 00 m5 0
0 0 n5
 ,
where 5 is a primitive fifth root of unity and m,n are integers. Since (J ◦f)2 = id,
the curve X admits an anticonformal involution, thus it is not pseudoreal. 
4. A Magma program
In this section we will present the Magma [BCP97] program that we used to carry
out the classification of full automorphism groups of pseudoreal Riemann surfaces
done in the previous section. Our program relies on Jennifer Paulhus’ program
GenVectMagmaToGenus20, which is available at
http://www.math.grinnell.edu/~paulhusj/monodromy.html
and is based on the paper [Pau15]. To run our program one first needs to download
the packages genvectors.m, searchroutines.m, GenVectMagmaToGenus20
and save all of them in the same folder. To access the data in Paulhus’ program,
for example for genus 4, one has to write in Magma
load "genvectors.m";
load "searchroutines.m";
L:=ReadData("Fullg20/grpmono04", test);
where “test” is a function taking as input a permutation group, a signature (as
a vector) and a generating vector (as a vector whose entries are permutations). For
example when using the following function, the program gives the list of all triples
(G, s, v), where G is a group of order bigger than 7 acting on a Riemann surface of
genus 4 with signature s and generating vector v.
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test:=function(G,s,Lmonod)
return Order(G) gt 7;
end function;
Thus this program allows to analyse the automorphisms groups of all Riemann
surfaces up to genus 20, looking for certain properties specified by the function
“test”.1 Observe that G is not necessarily the complete automorphism group of
some Riemann surface of the chosen genus (this will be one of the main issues in
our program).
Given a genus 2 ≤ g ≤ 20 our program describes the automorphism group
of all the pseudoreal Riemann surfaces of genus g. More precisely it gives the
full automorphism group, the conformal automorphism group and its Fuchsian
signature. For each entry of the output there exists a pseudoreal Riemann surface
of genus g with such properties. To run the program one needs to download the
file pseudoreal.m, which is available here
https://www.dropbox.com/s/k786b7a2vrmt22i/pseudoreal.m?dl=0
and save it in the same folder as Paulhus’ programs. The program (again in the
case of genus 4) consists of the following lines
load "genvectors.m";
load "searchroutines.m";
load "pseudoreal.m";
L:=ReadData("Fullg20/grpmono04", testpr);
PR(L);
The output is a list whose entries are of the form 〈〈 , 〉, 〈 , 〉, [. . . ]〉, where the
first bracket contains the ID number of the full automorphism group, the second
bracket contains the ID number of the conformal automorphism group and the
final sequence is the corresponding Fuchsian signature (the first entry is the genus
of the quotient by the conformal automorphism group). A description of each of
the functions contained in pseudoreal.m can be found in [Rey16].
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Appendix
Genus 2
Aut+(X) Fuchsian signature Aut±(X) NEC signature Generating Vector
C2 (26) C4 (1;−; [23]) (a; a2, a2, a2)
Table 3. Automorphism groups of pseudoreal Riemann surfaces
of genus 2
Genus 3
Aut+(X) Fuchsian signature Aut±(X) NEC signature Generating Vector
C2 (1; [24]) C4 (2;−; [22]) (a, a; a2, a2)
C2 × C2 (0; [26]) C4 × C2 (1;−; [23]) (a; b, b, a2)
Table 4. Automorphism groups of pseudoreal Riemann surfaces
of genus 3
Genus 4
Aut+(X) Fuchsian signature Aut±(X) NEC signature Generating Vector
C2 (0; [210]) C4 (1;−; [25]) (a; a2, a2, a2, a2, a2)
C2 (2; [22]) C4 (3;−; [2]) (a, a, a; a2)
C4 (0; [24, 42]) C8 (1;−; [22, 4]) (a3; a4, a4, a2)
D5 (0; [22, 52]) F20 (1;−; [2, 5]) (b; b2a, a4)
Table 5. Automorphism groups of pseudoreal Riemann surfaces
of genus 4
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Genus 5
Aut+(X) Fuchsian signature Aut±(X) NEC signature Generating Vector
C2 (3; [−]) C4 (4;−; [−]) (a, a, a, a; [−])
C2 (1; [28]) C4 (2;−; [24]) (a, a; a2, a2, a2, a2)
C4 (1; [24]) C8 (2;−; [22]) (a, a3; a4, a4)
C4 (1; [24]) Q8 (2;−; [22]) (j, k;−1,−1)
C4 (0; [22, 44]) Q8 (1;−; [2, 42]) (j;−1, i,−i)
C2 × C2 (0; [28]) C4 × C2 (1;−; [24]) (a; b, b, b, a2b)
C2 × C2 (1; [24]) C4 × C2 (2;−; [22]) (a, a; b, b)
C6 (1; [32]) C12 (2;−; [3]) (a, a; a8)
D4 (0; [26]) QD8 (1;−; [23]) (xa; a4, a4, a4)
C2 × C2 × C2 (0; [26]) C4 × C2 × C2 (1;−; [23]) (a; b, c, a2bc)
− C4 × C2 oφ C2 (1;−; [23]) (a; b, c, a2bc)
Table 6. Automorphism groups of pseudoreal Riemann surfaces
of genus 5
Genus 6
Aut+(X) Fuchsian signature Aut±(X) NEC signature Generating Vector
C2 (0; [214]) C4 (1;−; [27]) (a; a2, a2, a2, a2, a2, a2, a2)
C2 (2; [26]) C4 (3;−; [23]) (a, a, a; a2, a2, a2)
C4 (0; [26, 42]) C8 (1;−; [23, 4]) (a; a4, a4, a4, a2)
C4 (0; [46]) C8 (1;−; [43]) (a; a2, a2, a2)
C6 (0; [24, 62]) C12 (1;−; [22, 6]) (a; a6, a6, a10)
C6 (0; [22, 34]) C12 (1;−; [2, 32]) (a5; a6, a4, a4)
− Dic12 (1;−; [2, 32]) (x; a3, a2, a4)
D5 (0; [26]) F20 (1;−; [23]) (b; ab2, ab2, b2)
Table 7. Automorphism groups of pseudoreal Riemann surfaces
of genus 6
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Genus 7
Aut+(X) Fuchsian signature Aut±(X) NEC signature Generating Vector
C2 (1; [212]) C4 (2;−; [26]) (a, a; a2, a2, a2, a2, a2, a2)
C2 (3; [24]) C4 (4;−; [22]) (a, a, a, a; a2, a2)
C4 (0; [24, 44]) Q8 (1;−; [22, 42]) (j;−1,−1, i, i)
C4 (1; [26]) C8 (2;−; [23]) (a, a; a4, a4, a4)
C4 (1; [44]) C8 (2;−; [42]) (a, a; a2, a2)
− Q8 (2;−; [42]) (j, j; i,−i)
C4 (2; [22]) Q8 (3;−; [2]) (j, j, j;−1)
C2 × C2 (0; [210]) C4 × C2 (1;−; [25]) (a; b, b, a2, a2, a2)
C2 × C2 (1; [26]) C4 × C2 (2;−; [23]) (a, a; a2, a2b, b)
C2 × C2 (2; [22]) C4 × C2 (3;−; [2]) (a, a, ab; a2)
C6 (1; [24]) C12 (2;−; [22]) (a3, a3; a6, a6)
(1; [24]) Dic12 (2;−; [22]) (ax, x; a3, a3)
C4 × C2 (0; [24, 42]) C8 × C2 (1;−; [22, 4]) (a; b, b, a6)
− C8 oφ C2 (1;−; [22, 4]) (ax; a4x, a4x, a2)
D4 (0; [24, 42]) QD8 (1;−; [22, 4]) (a;x, x, a6)
D6 (0; [26]) C3 × S3 (1;−; [23]) −
Table 8. Automorphism groups of pseudoreal Riemann surfaces
of genus 7
Genus 8
Aut+(X) Fuchsian signature Aut±(X) NEC signature Generating Vector
C2 (0; [218]) C4 (1;−; [29]) (a; a2, a2, a2, a2, a2, a2, a2, a2, a2)
C2 (2; [210]) C4 (3;−; [25]) (a, a, a; a2, a2, a2, a2, a2)
C2 (4; [22]) C4 (5;−; [2]) (a, a, a, a, a; a2)
C4 (0; [28, 42]) C8 (1;−; [24, 4]) (a3; a4, a4, a4, a4, a2)
C4 (0; [22, 46]) C8 (1;−; [2, 43]) (a3; a4, a2, a2, a2)
C4 (2; [42]) C8 (3;−; [4]) (a, a, a; a2)
C6 (0; [34, 62]) C12 (1;−; [32, 6]) (a; a4, a4, a2)
− Dic12 (1;−; [32, 6]) (x; a2, a2, a5)
C6 (0; [26, 32]) C12 (1;−; [23, 3]) (a; a6, a6, a6, a4)
C6 (0; [22, 64]) C12 (1;−; [2, 62]) (a; a6, a2, a2)
− Dic12 (1;−; [2, 62]) (x; a3, a, a5)
C8 (0; [24, 82]) C16 (1;−; [22, 8]) (a; a8, a8, a14)
Table 9. Automorphism groups of pseudoreal Riemann surfaces
of genus 8
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Genus 9
Aut+(X) Fuchsian signature Aut±(X) NEC signature
C2 (1; [216]) C4 (2;−; [28])
C2 (3; [28]) C4 (4;−; [24])
C2 (5; [−]) C4 (6;−; [−])
C4 (0; [48]) Q8 (1;−; [44])
C4 (0; [26, 44]) Q8 (1;−; [23, 42])
C4 (1; [28]) C8 (2;−; [24])
− Q8 (2;−; [24])
C4 (1; [22, 44]) C8 (2;−; [2, 42])
− Q8 (2;−; [2, 42])
C4 (3; [−]) C8 (4;−; [−])
− Q8 (4;−; [−])
C2 × C2 (0; [212]) C4 × C2 (1;−; [26])
C2 × C2 (1; [28]) C4 × C2 (2;−; [24])
C2 × C2 (2; [24]) C4 × C2 (3;−; [22])
C2 × C2 (3; [−]) C4 × C2 (4;−; [−])
C6 (1; [22, 62]) C12 (1;−; [26])
C6 (1; [34]) Dic12 (2;−; [32])
− C12 (2;−; [32])
D4 (0; [28]) QD8 (1;−; [24])
C32 (0; [2
8]) ID(16, 3) (1;−; [24])
− C4 × C22 (1;−; [24])
C4 × C2 (0; [22, 44]) C4 × C4 (1;−; [2, 42])
− ID(16, 4) (1;−; [2, 42])
− C2 ×Q8 (1;−; [2, 42])
Q8 (0; [22, 44]) Q16 (1;−; [2, 42])
C8 (1; [24]) C16 (2;−; [22])
− Q16 (2;−; [22])
Table 10. Automorphism groups of pseudoreal Riemann surfaces
of genus 9
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Genus 9 (continuation)
Aut+(X) Fuchsian signature Aut±(X) NEC signature
C4 × C2 (1; [24]) C4 × C4 (2;−; [22])
− ID(16, 4) (2;−; [22])
− C8 × C2 (2;−; [22])
− ID(16, 6) (2;−; [22])
− C2 ×Q8 (2;−; [22])
D4 (1; [24]) QD8 (2;−; [22])
C32 (1; [2
4]) ID(16, 3) (2;−; [22])
− C4 × C22 (2;−; [22])
C4 × C2 (2; [−]) ID(16, 6) (3;−; [−])
D4 (2; [−]) QD8 (3;−; [−])
D5 (1; [52]) F20 (2;−; [5])
C10 (1; [52]) C20 (2;−; [5])
D6 (0; [24, 32]) C4 × S3 (2;−; [22, 3])
C6 × C2 (0; [24, 32]) C12 × C2 (2;−; [22, 3])
C12 (1; [32]) C24 (2;−; [3])
− C3 ×Q8 (2;−; [3])
C6 × C2 (1; [32]) C12 × C2 (2;−; [3])
D8 (0; [26]) ID(32, 19) (1;−; [23])
C2 ×D4 (0; [26]) ID(32, 6) (1;−; [23])
− ID(32, 7) (1;−; [23])
− ID(32, 9) (1;−; [23])
− C2 ×QD8 (1;−; [23])
ID(16, 13) (0; [26]) ID(32, 11) (1;−; [23])
− ID(32, 38) (1;−; [23])
C42 (0; [2
6]) ID(32, 22) (1;−; [23])
ID(16, 6) (1; [22]) ID(32, 15) (2;−; [2])
D10 (0; [22, 102]) ID(40, 12) (1;−; [2, 10])
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Genus 10
Aut+(X) Fuchsian signature Aut±(X) NEC signature
C2 (0; [222]) C4 (1;−; [211])
C2 (2; [214]) C4 (3;−; [27])
C2 (4; [26]) C4 (5;−; [23])
C4 (0; [210, 42]) C8 (1;−; [25, 4])
C4 (0; [24, 46]) C8 (1;−; [22, 43])
C4 (2; [22, 42]) C8 (3;−; [2, 4])
C6 (0; [24, 32, 62]) Dic12 (1;−; [22, 3, 6])
− C12 (1;−; [22, 3, 6])
C6 (0; [22, 36]) Dic12 (1;−; [2, 33])
− C12 (1;−; [2, 33])
C6 (0; [66]) Dic12 (1;−; [63])
− C12 (1;−; [63])
C6 (2; [22]) Dic12 (3;−; [2])
− C12 (3;−; [2])
C8 (0; [22, 42, 82]) C16 (1;−; [2, 4, 8])
C10 (0; [24, 102]) C20 (1;−; [22, 10])
ID(18, 4) (0; [26]) ID(36, 9) (1;−; [23])
ID(36, 9) (0; [22, 42]) ID(72, 39) (1;−; [2, 4])
Table 11. Automorphism groups of pseudoreal Riemann surfaces
of genus 10
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